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Abstract. For certain negative rational numbers kq, called singular values, 
and associated with the symmetric group ^jv on A'^ objects, there exist homo- 
geneous polynomials annihilated by each Dunkl operator when the parameter 
K = KQ. It was shown by de Jeu, Opdam and the author (Trans. Amer. 
Math. Soc. 346 (1994), 237-256) that the singular values are exactly the 
values — — with 2 < n < Af, m = 1, 2, . . . and — is not an integer. For 
each pair (m,n) satisfying these conditions there is a unique irreducible Sjv- 
module of singular polynomials for the singular value — — . The existence of 
these polynomials was previously established by the author (IMRN 2004, #67, 
3607-3635). The uniqueness is proven in the present paper. By using Mur- 
phy's (J. Alg. 69(1981), 287-297) results on the eigenvalues of the Murphy 
elements, the problem of existence of singular polynomials is first restricted 
to the isotype t (where t is a partition of A^ corresponding to an irreducible 
representation of Sjv) satisfying the condition that n/ gcd (m, n) divides Ti + 1 
for 1 < i < l\ I is the length of r, that is, r; > tj^^ = 0. Then by arguments 
involving the analysis of nonsymmetric Jack polynomials it is shown that the 
assumption T2 > ra/ gcd (m, n) leads to a contradiction. This shows that the 
singular polynomials are exactly those already determined, and are of isotype 
T, where T2 = . . . = t;_i = (n/ gcd (m, n)) — 1 > t; . 



1. Introduction 

The symmetric group Sn on N letters acts on by permutation of coordinates. 
The ahernating polynomial, also called the discriminant, is defined by aN ix) = 
Y\i<i<j<N ~ ^j) ^ £ ^^'^ is ^ fundamental object associated to the 
group. The Macdonald-Mehta-Selberg integral for Sn is 

^ = n 

for K > 0. The right hand side is a meromorphic function of k without zeroes and 
with poles at K = — ^, for 2 < n < A*", m = 1, 2, 3, . . . and ^ is not an integer. (For 
an algebraic proof of the integral, see [Sj Sect. 8.7].) Do these values have another 
connection with the symmetric group? The purpose of this paper is to show that 
for each pair (m, n) of natural numbers with 2 < n < N and — not an integer 
there is a unique irreducible S'Ar-module of homogeneous polynomials which have a 
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certain singularity property with respect to a commutative algebra of difFerential- 
difFerence operators. In a previous paper [2] the author established the existence of 
a space of such polynomials for each pair (m, n). This paper proves the uniqueness 
of the polynomials and the associated modules. By use of the Murphy elements one 
can find a link between the singular polynomials, the partition of N which labels 
the module and the nonsymmetric Jack polynomials (NSJP's). This is the family 
of simultaneous eigenvectors of a commuting set {Ui (k) : 1 < i < N} of operators 
(involving a parameter k). The singular polynomials come from the specializations 
of certain of NSJP's when k takes the value — The algebra generated by the 
Ui (k) is semisimple (that is, the set of NSJP's forms a basis for all polynomials) 
for generic k, but this property may be lost for some negative rational values. A 
part of the development is to show how to find limits of certain expressions in the 
NSJP's as K approaches 

Murphy |^ found the eigenvalues of the Murphy elements when restricted to any 
irreducible ^Ar-module. In Section 2 we use his results to find a necessary condition 
on a partition to allow corresponding singular polynomials and also to prove a 
uniqueness result. The condition is this: suppose gcd (rn,n) = 1 and there is an 
5jv-module of singular polynomials corresponding to k = — and suppose the 
module is labeled by the partition r (that is, t — (ti, T2, . . .) with X]i>i — ^ ^nd 
n > T2 > . . . > 0) then n\ {n + 1) for 1 < i < ^ (r) , where £ (t) = max {j : Tj > 1}). 
Section 3 develops the relevant results on NSJP's. In Section 4 it is shown that the 
two-part partitions of the form {N — n, n) with n\ {N — n + 1) can not give rise to 
singular polynomials. Section 5 completes the proof of the main result: if r2 > n 
then there can not be corresponding singular polynomials. This shows that the 
class of partitions, namely, r with n| (ri + 1) and T2 = T3 = . . . = T£(t-)_i = n — 1, 
appearing in |2] is exhaustive. In Section 6 there is a restatement of the main 
theorem and a discussion of the relation between singular polynomials and modules 
over the rational Cherednik algebra. 

The group Sn is the finite reflection group of type A^-i and it acts by permuta- 
tion of coordinates. Let No denote {0, 1, 2,3,.. .} (also N : = {1, 2, 3, . . .}, Z and Q 
denote the sets of integers and rational numbers respectively) . For a £ "H^ (called 
a "composition") let |a| = X]i=i ^'^'^ define the monomial to be rii^i-^"'' 
its degree is |a|. The length of a composition a is (,{a) = max{j : oij > 0}. Con- 
sider elements of as permutations on {1, 2, . . . , iV}. Then, for x S and 
w G Sn let {xw)^ = a;^,(j) for 1 < i < and extend this action to polynomials by 
{wf) {x) — f (xw). This has the effect that monomials transform to monomials: 
^(a;") = x"'" where (wa)^ = cXw-'-ii) for € N^. (Consider a; as a row vector, 
a as a column vector, and w as a permutation matrix, with I's at the {w (j) ,j) 
entries.) The reflections in Sn are the transpositions interchanging x^ and xj and 
are denoted by for i ^ j. 

In pP the author constructed for each finite reflection group a parametrized com- 
mutative algebra of differential-difference operators. Let k be a formal parameter, 
that is, Q (k) is a transcendental extension of Q. 

Definition 1. The space of polynomials is V spauQ^^-, {x" : a e N^} and for 
71 G No the suhspace of homogeneous polynomials of degree n is Vn 
spauQj^-) {x" : a G , \a\ — 71} . For p G V and a G Nq let coef (p, a) denote the 
coefficient of x" in p ( thus p — J2p ^^o^f (Pi P) ^^)- 
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For the symmetric group Sn the operators are defined as follows: 
Definition 2. For any polynomial / on and 1 < i < N let 



^ / w / ^ 9 ff ^ , fix) - (u) / (a;) 



< 



It was shown in T that Vi {K)Vj (k) — Vj (k) (k) for 1 < i,j < N and 
each I?i (k) maps Vn to "Pn-i for n > 1. A specific numerical parameter value 
kq is said to be a singular value (associated with Sn) if there exists a nonzero 
polynomial p such that Vi {ko)p = for 1 < i < N : such a p is called a singular 
polynomial. It was shown in 0] that the singular values are the numbers — ^ 
where n = 2, . . . , N, m, e N and ^ ^ Z. Earher, Opdam ^U] showed that the 
S'AT-Bessel function J (x, ?/) considered as a function of the parameter k has poles 
precisely at these numbers (for k > the Bessel function is the entire solution 

AT / . s xfc / A \ 

of the system of equations J2 {j^f ^ i^iV) ^ I S 1 ^ 2^) ' 1 < fc 

N, J{0,y) = 1, J{xw,y) = J{x,yw) = J{x,y) for x,y e C^). Because the 
operators Vi (k) preserve homogeneity and have the ^Ar-transformation property 
T^i (k) {i,j) — {i,i)T^j (k), the set of singular polynomials for a specific singular 
value is a direct sum of irreducible S'Ar-modules of homogeneous polynomials. The 
set of partitions of length < iV is denoted by Nq'^ and consists of all A G Nq such 
that \i > Ai+i for 1 < i < — 1. When writing partitions it is customary to 
suppress trailing zeros and to use exponents to indicate multiplicity, for example 
(5,2'^) is the same as (5,2,2,2,0) G Nq'^. (The exponent notation is also used for 
compositions.) 

The irreducible representations of S'at are labeled by partitions r of iV (that is, 
r e and |t| = N) and we say a polynomial / is of isotype t if / is an element 

of an irreducible S'^r-submodule of Vn corresponding to t. It was conjectured 
in 13] that the two-part representations (n — 1, iV — n + 1) (with 2 (ti — 1) > N) 
give rise to singular polynomials for the singular values — ^ with gcd(r7i,7i) < 
jyj^^j^ , and the representations {dn — 1, n — 1, . . . , n — 1, rj) for d, n G N give rise 
to singular polynomials for the singular values — ^ with gcd (m, n) = 1 (where 
I = £{t) and N = {dn — 1) + (^ — 2) (n — 1) + t;). This construction is presented in 
[2] in terms of nonsymmetric Jack polynomials. In this paper we show that there are 
no other singular polynomials. By using Murphy's techniques in his construction 
of the Young seminormal representations ^ we can show that the isotype r of any 
irreducible module of singular polynomials for kq = (with gcd (m, n) = 1) must 
satisfy n\ [t-i + 1) for 1 < i < ^ (r). After that most of the work is to show that the 
assumption T2 > n leads to a contradiction. Note that the condition T2 < n implies 
for three or more parts Ti ~ n — 1 for 2 < z < £ (r) (and t^^^.^ < ?i — 1) and for two 

parts that tt < r— — r = n for the singular value — These are the 

gcd(mi,ri + l) ^ ^1+1 

restrictions described above. 

The notation is almost the same as that in [2] except that the parameter has 
been incorporated. Key parts of the proofs depend on the behavior of polynomials 
as K approaches a singular value kq. The commutative algebra of the operators 
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defining the nonsymmetric Jack polynomials is generated by 

i-l 

(this differs by the additive constant k from the notation in Ch.8]). The operators 
act in a triangular manner on monomials, as is explained below. 

Definition 3. For a G , let a+ denote the unique partition such that a+ = wa 
for some w G Sn- For a,l3 ^ the partial order a )~ (3 (a dominates (3) means 
that a ^ (3 and oti > Xli=i Z^* 1 < j < N ; a> (3 means that \a\ = and 

either >- /?+ or = /3+ and a )~ (3. The notations a ^ /3 and a > l3 include 
the case a — (3. 

When acting on the monomial basis of Vn the operators Ui (k) have on-diagonal 
coefficients involving the following rank function on . We denote the cardinality 
of a set E by ^E. 

Definition 4. For a G and 1 < i < N let 

r {a, i) = # {j : > + # {j : 1 < j < i, aj = aj , 
(a; k) — {N - r {a, i)) K + ai + 1. 

Clearly for a fixed a G Nq the values {r{a,i) -1 <i < N} consist of all of 
{!,..., iV}, are independent of trailing zeros (that is, if a' G No^,q;^ — ai for 
\ <i <N and a- = for iV < i < M then r(a,i) = r{a',i) for 1 < z < N), 
and a G Nq'^ if and only if r (a, i) ~ i for all « (the latter property motivated 
the use of "1 < j < i" rather than "1 < j < «" in the definition). Then (see 
p. 291]) Ui (k) x" — £,i {a; k) x" + qa^i {x) where qa^i (x) is a sum of terms ±kx'^ with 
a \> f3. The nonsymmetric Jack polynomials are the simultaneous eigenvectors of 
{Ui (k) : 1 < i < N} and they are well-defined for generic k. 

2. S'at-MODULES 

In this section we find necessary conditions on a partition t oi N for the existence 
of singular polynomials of isotype t. Suppose / is a singular polynomial for some 
singular value kq. We may assume / is homogeneous because the operators Vi (k) 
are homogeneous and that / has rational coefficients (2?i (kq) is a rational operator). 
Any translate of / by Sn is singular so spauQ {wf : w G Sn} is an S'Ar-module of 
singular polynomials for kq. Suppose one of the irreducible components has isotype 
r, for some partition t with |t| = A^. This decomposition is a computation over 
Q (from the representation theory of Sn)- Henceforth we restrict our attention to 
this module, denoted by M. 

We turn to the application of Murphy's results. For any given isotype he de- 
termined the eigenvalues and transformation properties of the eigenvectors of the 
commuting operators |X]j=i ^ 2 < z < iv| (Jucys-Murphy elements). The re- 
sults have to be read in reverse in a certain sense. 

Proposition 1. Suppose f is a singular polynomial for k — kq ^ Q and 1 < « < N , 

then U, (ko) f = f + kq Y.f=i+i ihj) /• 
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Proof. We have the commutation Vi (k) [x-J) — XiDi (k) f + f + i^J2j^i /■ 
Now set K = kq and note that Ui{Ko)f = (kq) (xi/) - KoJ2j<t{hj)f = 

N 

Denote the Murphy elements cui — J2 + 1 — tor 2 < i < N and 

j=N-i+2 

let wi = (as a transformation); then Ui (kq) f ~ f + K,Q(^N+i-if for / G M. A 
standard Young tableau (SYT) of shape r is a one-to-one assignment of the numbers 
{1, . . . , N} to the nodes of the Ferrers diagram {{i, j) £ N'^ : I < i < i (t) , 1 < j < n} 
so that the entries increase in each row and in each column. The notation T 
refers to the entry at row i, column j. There is an order on SYT's of given shape 
(for details see |31 p. 288]) and the maximum SYT in this order, denoted by To, is 
produced by entering the numbers 1, 2, . . . , TV row by row (the first row is 1, . . . , ti, 
the second is ti -I- 1, . . . , ri + T2 and so forth). 

Definition 5. Let r G N^'"^ with |r| — N, and let Y (r) denote the set of SYT's 
of shape r. Suppose T E Y (r) then let rw (i, T) , cm (i, T) , rji (T) := cm (i, T) — 
rw{i,T) denote the row, column and content, respectively of the node ofT contain- 
ing i, for 1 < i < N . 

(With this notation T {rw {i,T) ,cm{i,T)) — i.) Murphy constructed a basis 
{/t : T g F(t)} for the irreducible representation of isotype r such that oJifr — 
rji (T) fT for each i and T (actually, this is an isomorphic image of the construction, 
which is in terms of specific polynomials, of minimal degree). The eigenvalues 
{r]i (T) , . . . ,r]pf (T)) determine the SYT T uniquely thus there is a unique (up to 
scalar multiplication) basis {fr : T £ Y (t)} for M with 

('«o) /t = (1 + tioVN+l-^ (T)) /t , for 1 < i < iV, T £ F (r) . 

(The argument for uniqueness of T is in j^J: one can reconstruct T by adjoining 
boxes containing 2, 3, . . . , iV to 1 by using the values r]2 (T) , . . . ,rjM (T); at any 
stage the locations at which one can adjoin a box to make a larger SYT have 
different contents.) We will show that /to is (a multiple of) + X]^<a ^P^^ 
coefficients G Q and A G Nq"^ with 

s—l s—1 s 

(2.1) Xw+i-i = -Ko ^ {Tj + 1) , for < i <^ Tj. 

This implies that if /to = with gcd (m, n) = 1 then n\ {tj + 1) for 1 < j < 
£ (r) (the maximum value for s in the above formula) . The proof relies on the 
triangularity properties of the Ui (kq) with respect to the order O. 

Definition 6. For each T e r (r) let Ct = {P e f^o ■ coef (/t, 0) ^ O} ■ Let C be 

the set of a G Utiey{t)Ct such that a is t>-maximal in some Ct (that is, a,(3 d Ct 
and P ^ a implies f3 — a). 

Lemma 1. If a is a C>-maximal element of C then a is a partition. 

Proof. It suffices to show that for any /3 G UtCt there exists a partition A G C 
with A > /3. Since M = spauQ {fx : T G F (r)} is S'jv-invariant we see that for any 
w G Sn and f3 G Ct for some T there exists Ti £ Y (r) such that wfi G Cti (note 
that wfx {x) — fx (xw) and w [x^) — a;™'^). So UtCt is 5jv-invariant, in particular 
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if /3 e UtCt then /3+ e UtCt- Thus there exists 7 G C such that 7 > /3+. Since 
C is finite the maximal elements a satisfy a \> a^, that is, a is a partition. □ 

The next step is to show that there is a unique maximal element in C determined 
by equation 12. II 

Lemma 2. IfT eY (r) satisfies rj^+i (T) < 77^ (T) + 1 /or 1 < s < TV then T = Tq. 

Proof. We have to show that the condition implies rw{s,T) < rw {s + l,T) for 
each s. Fix s and let T ji) = s and T (j2, J2) = s + 1 so that rjs (T) — 77^+1 (T) — 
(ji — j2) + (*2 — h)- We list the possibilities for these nodes in any SYT. If s and s+1 
are in the same row of T then 12 = ^1,^2 = + 1 and 77^+1 (T) = rjs (T) + 1. If s and 
s + 1 are in the same column of T then 12 = ii + 1, 32 = ji and r/s+i (T) — r/s (T) — 1. 
The condition ii < 12 and ji < j2 is impossible or else s <T {12, ji) < s + 1. Also 
the condition ii > 12 and ji > ^2 is impossible or else s + 1 < T (11,^2) < s. If 
«i < «2 and > j2 then rjs (T) — 77^+1 (T) > 2. The case ii > i2 and ji < j2 is 
ruled out by hypothesis because it implies 77^ (T) — rjs+i (T) < —2. □ 

Theorem 1. Suppose X is a C> -maximal element of C then A is t> -maximal in Ctq 
and is given by eauation \2.1\ 

Proof. By hypothesis A is a partition and is O-maximal in Ct for some T G F (t). 
By the triangularity property of Ui (kq) we have that 

coef ((1 + KQiiN+i-i (T)) /t, A) = cocf {Ui (ko) /t, A) 

= 6(A;Ko)coef (/t,A), 

and $i (A; kq) = (A^ — i) kq + Ai + 1, for 1 < i < N. This gives the equations 

{N ~ i) kq + Xi + 1 = 1 + K077JV+1-J (T) , 

Since A is a partition Aat+i-,; < XN-i for 1 < i < TV and thus rji (T) + 1 — 7 > 
77i+i (T) + 1 - (i + 1) (note that kq < 0). By Lemma El T = Tq. By definition 
of To for 1 < 7 < Ti we have rji (Tq) =7 — 1 thus Aat+i-^ — 0. In the range 

Ej=i Tj + l <i < Ei=i (row s of To) r]i (To) - Ej=i '^j) " « and AAr+i_i = 
-'^o {J2'j=l Tj + s~lj ^ ~K0 J2j=l + 1)- □ 

Corollary 1. There is a unique \>-maximal element X of C given by eauation \2.1\ 

and n\ {tj + 1) for 1 < j < i (t) (where kq = and gcd {m, n) = 1). 

s—i ^. _|_ 2 

Proof. The uniqueness is now obvious. The equation Aat+i-.; = 771 — for 

s— 1 s 

E < 7 < E '^j shows inductively that n| (tj + 1) for 1 < j < £{t); since the 
maximum value of s is (r) . □ 

Corollary 2. Tor anj/ '^o = '"^'^ partition t of N there is at most one ir- 

reducible SN-module, consisting of singular polynomials for the singular value kq, 
that has isotype t. 
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Proof. Suppose there are two unequal modules M and M' satisfying the hypotheses. 
Let {/t : T e y (r)} and {f^:T£Y (r)} be the respective bases for M and M' 
produced by Murphy's construction. Normalize the two bases so that both frg 
and f^^ are monic in (that is, /tq = + X]/3<ia ^P^^ /tq same 
form with A/j replaced by A'^), with A given by equation 12.11 Let gx fr ^ fx 
for T G F (r), then span^ {gx '■ T ^ Y (t)} consists of singular polynomials and its 
basis has the same transformation properties under the action of Sn as the basis 
of M. By the Theorem coef {gxa , A) ^ 0, which is a contradiction. □ 

The following summarizes the results of this section. The polynomial /j-q is 
renamed gx- 

Theorem 2. Suppose there exist singular polynomials for Kq — with gcd (m, n) = 
1 (and 2 < n < N ) of isotype t, a partition of N , then n\ + 1) for 1 <i < £ (t) 
and there is a unique singular polynomial g\ = x^ + S/3<a^/3'^'^ (with Aj^ S 
of isotype r such that Ui (kq) 5a — S,i (A; kq) g\ for 1 < i < N , where A is given by 
eauation \2.1\ 



These polynomials are the simultaneous eigenvectors of the commuting set of 
operators {lAi {n) : 1 < i < N} . The existence follows from the triangular property 
and the fact that the correspondence (from compositions to eigenvalues) a i — > 
(^i (a; is one-to-one for generic n. We use the notation from (for now 

just the x-monic version is used but there will be a reference to the p- monic version). 



Definition 7. For a G N^, let C,^ (k) denote the x-monic simultaneous eigen- 
vectors, that is, Ui (k) Ca ('*) — (c^; ^) Ca (j^) /o'' I < i < N and C,^ (k) — x" + 
S ' ^^^^ coefficients A^^ (k) e Q{k). 



Definition 8. For I < i < N the operators Bij (with j ^ i) and the operator Bi 
( each maps Vn into itself for n gNq) are given by 



In this notation Ui (k) p (x) = {xip (x)) + nBip (x) . There is an easily proved 
identity: Bij + Bji = 1, and this shows directly that 



3. NONSYMMETRIC JACK POLYNOMIALS 



/3<a 




B^p 



^B^Jp, forpe v. 
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For OL e and i ^ j by direct computation we obtain: 

(3.1) Syx" = ^ ( — ) 2;", for a, > a^, i < j, 

(=0 ^^^^ 



(3.2) Syx" = Y ( — ) 2^", for tti > aj,i > j, 

(3.3) Syx" = - ^ ( — ) x", for a, < aj , i < j, 

1=1 ^^^^ 

aj-at I 

(3.4) Syx" = - y ( — ) x", for a, < aj,i > j. 



=1 



There is another invariant subspace structure for {Ui (k)} besides the l>-triangular 
property. The purpose of the foUowing arguments is to aUow the computation of 
certain coefficients of (k) crucial in the arguments of Section 5. 

Definition 9. For 1 < s < N and n > 1 let 

/(^) -.^ {a e Nq : at < n for 1 < i < s, < n for s + 1 < i < N} , 

PW :=spanQ(,){x" :ae/W}. 

Note that each is finite and Pi,^'' is the direct sum of its homogeneous 
subspaces Pi,^^ n "Pfe, fc > 0. 

Lemma 3. Suppose 1 < s < N and n > I, then U^ (k) Pi,^^ C Pi^^ forl<i<N, 
and spanQ(^) |Ca (k) ■ a e /i^^j = Pi,n^ 

Proof. Let a E /i^'. It suffices to show BijX°' € Pi,^' for all By formulac l3.lt 
13. 41 this is obvious for 1 < j < s 01 s + 1 < i, j < N , or max (ai, aj) < n. Only the 
two cases \ < i < s^Uj = n (thus j > s) and 1 < j < s,ai — n (with i > s) remain 
to be considered. Formulae 13.31 and 13.21 resoectivelv show that Bijx" € Ps!n^ ■ For 
any a G Nq the eigenvector (k) is contained in the orbit of under the algebra 
generated by {Ui (k)} hence x" S Ps^J implies Cq (i^) G Pi,Ti'. That the span of 
{Ca ('*)} of Pi.n'' follows easily (dimension argument, for example). □ 

Definition 10. For a partition X and an integer s with I < s < N define the 





as /oZ/ows.- /or a e 






1 < i < s 






-s, s<i<s + £{X) 






.,(A), s + ^(A) <z<7V + ^(A) 



(t(s; A) a). 

[ ai_£(A), s + ^(A) 

The definition is only interesting when a G /i^' where n = X£(^\-^ , in which 
case the following rank equations hold: let (3 = L(s;X)a and k = ^(A), then 
r (/3, i) = r (a, i) + fc for 1 < i < s, r (/3, i) = r {a,i — k) + k for s + fc<?<iV + fc, 
and r {P,i) = i — s for s + l<i<s + fc. 

Theorem 3. Suppose X is a partition, 1 < s < N, a,/? G /i^'' where n — A£(>,), 
and a l> t/ien coef a)q (^) ' (^' /^) — *^o*^f (Co ('*) ; /^)- 
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It suffices to prove this for I (A) = 1 because then one can insert one part of A at 
a time in nondecreasing order: exphcitly let A*^^' = -^<'(A)+2-ji ■ • • ; 'Xi{\)) 

for 1 < j < ^(A), then i (s, (A<?(a)-j)) t (s, A^^') = i(s,A(J+i)); also if € I'i^ri 
then L (s, A'^') a G if^^^^^ where fc = \t(X)+\-j and a [> /3 implies l (s, A'--'-') a \> 
.(s,A«)/3. 

For arbitrary M > 1 let T'^*'^) = spanQ(„) {x" : a e N^'} and let U^"''' (k) de- 
note the operator Ui (k) for M variables. For M > N let ttma^ be the projection 
from P^*^) onto V^^^ defined by setting xn+i = xn+2 = ... = xm = 0. The 
coefficients of the do not depend on the number of variables (that is coef (C^, /3) 
is independent of > max {£ (a) , £ (/?))) because of the intertwining relation 

(3.5) TTMJvZ^i*'^ («) = (W,^"^^ (k) + (M - N) «) TTMN, 

for 1 < i < < Af . Fix integers n, s with rt > f and f < s < and define 
the map i,,„ : "P^^^ j^C^'+i) by Ls,nX°' = a;'' for a e and /3 = i (s, (n)) a = 
(ai, . . . , as, n, Ofg+i, . . . , a^) and extending by linearity to all polynomials. Direct 
computation yields the identities: 

U[^^^'' (k) is,n - Ls.nKi^^ («) = KBi^s + ll'S,n, for I <i < S, 

i'^) ^ l.s.rMi^'' (k) = KSi+l,s + lts,n, for S + 1 < i < A^. 

We show that if a e Is^^ then is,nCa ('^) is congruent to ^^^^^ (k) modulo the 

subspace Ps!^^^\ To illustrate the argument, suppose there is a Hnear operator 
V with an invariant subspace E and there is a vector / and number c so that 
Vf~cf £ E then / — ((V — c) \e)~^ (V/ — c/) is an eigenvector of V with eigenvalue 
c, provided that the restriction of V — c to -E is invertible. This can be adapted for 
simultaneous eigenvectors of pairwise commuting operators by extending the base 
field Q(k), adjoining another formal variable (transcendental) v and considering 
just one operator J2iLi ''^^^i^'' (or ^'^^^^^^ (^)' appropriate). The 

eigenvalues J2i=i ('^S ^'^s simple (a e and generic k). Denote the field 
Q {k, v) by K. 

Lemma 4. Suppose I < s < N and n > 1. If a E /i^'' t/ien (k) = 

Proof. First we show Si^s+its.n-Pi,^^ C Pg+i^n ^o'' « 7^ s + 1. Let a £ /i^^ and 
/? = i(s, {n))a. For 1 < i < s by Formula lO R .t'^ = -Er=r"^ {^)^ 
with the key (change from /3) terms being x"'"'''a;"^r;[ where ai + 1 < ai+l < n—l and 
ai + 1 < n — I < n — 1; if ai = n — 1 then i3i_s+ia;'' = 0. Suppose s + 2<i<A^+l; 
if ai^i = n ^ f3i then Bi^s+i^^ = by Formula 13.21 if ai^i — /3i < n then 

by FormulalOE, c^i.t'^ = - E/'Ji^' (jT^t)'^'^ "^'^^^ t^™!^ +'a;';_^^ where 
Pi + I < P^ + I < n Siud Pi < n - I < n - 1. Thus G . 
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Temporarily we use a superscript on the eigenvalues (a; k) to indicate the 
number of variables, then 

^1"^+^^ {p-n) = {N+l-r {fi, z)) K + A + 1 

= {N+l-{r (a, i) + 1)) K + a, + 1 ^ (a; k) 

for 1 < i < s and, similarly, k) = (a; k) for s + 2 < i < iV + 1. The 

eigenvalues l^i^^^"* k) : 1 < z < + 1, z 7^ s + l| and the degree of homogene- 
ity \P\ = |q;| +71 determine C| (k) uniquely, subject to coef (^Q (k) ,(3^ — I, because 
ElV ^r'' {^)-N + l + ElV al- + Let 

/ s N+1 \ 
\i=l i=s+2/ 

The polynomials {Ci^ (k) : 7 £ N^^^, I7I = |q;| + n} form a basis of eigenvectors of 
V for E := spanjj {x^ : 7 £ N^^^, I7I = |q;| + n} and each eigenvalue is simple. Let 
F := spanjj |a;T : 7 G /i+i^^', I7I = |a| + n| then VF C F by Lemma . Finally 
consider 

s 

1=1 
Af+1 

i=s+2 
Af+1 

where = (ZLi + I]iIt+2) ^'■^»,s+i''s."Ca («^) and ft-a G F, since Ca ^ 
Ps%\ Let V;3 be the restriction of V—J2i=i\^s+i'"^^i^^^'' iP'ii) to the invariant 
subspace F and let /„ = V^^/iq,, then is,nC,a i'^)^fa = C/3 l'^) because coef {fa, P) — 
and coef (t^.nCa («^) : /?) = coef ((„ (k) ,a) = 1. Since /„ = ts.nCa - C| (z^) the 
coefficients of fa are in Q (k). □ 

Corollary 3. Suppose a, 7 G /i^'' i/ien 

coef (C%,(n))a , (s. (")) 7) = coef iCa («) , 7) ■ 

Proof. By definition coef {(^ (k) , 7) = coef {ts^nCa (^) i ("-)) 7)- ^Iso 

(t (s, (n)) 7)^^;^ = n and thus coef (/, l (s, (n)) 7) = for any / G Ps+^^^ ■ □ 

This completes the proof of Theorem O 

The poles of the coefficients of (k) play a key role in the analysis of singu- 
lar polynomials. Knop and Sahi jS] found an algorithm for the evaluation of the 
coefficients. It uses the idea of extending the definition of Ferrers diagrams to com- 
positions and associating a hook-length to each node in the diagram. The Ferrers 
diagram of a composition a G Nq is the set {{i,j)-l<i<£ (a) ,0 < j < Ui} . 
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For each node with I < j < cti there are two special subsets of the Fer- 

rers diagram, the arm {(i, I) '■ j < I < ai} and the leg '■ I > i,j < ai < ai} U 

{{l-ij — 1) '■ I < i, j — I < ai < ai}. The node itself, the arm and the leg make up 
the hook. The definition of hooks for compositions is from |S1 p. 15]. The cardinality 
of the leg is called the leg-length, formalized by the following: 

Definition 11. For a E Nq , 1 < i < £ (a) and 1 < j < the leg-length is 

L{a;i,j) := # {I ■ I > i, j < ai < aj 

+ #{/ : Z < i,j < a/ 1 < aj. 

For i G Q (k) the hook-length and the hook-length product for a are given by 

h{a,t;i,j) = {at - j + t + kL {a;i,j)) 

e{a) oi 

h{a,t) = Y[ n^^^"'*'*'-^')' 

Note that the indices {i : ai — 0} are omitted in the product h {a,t). In [2] and 
[S] we used the notation 

'^^''^=^{'+.iria,^)-ria,J)) + a,^a/■'<^' e^±. 

The denominator also equals (a; k) — ^i (a; k). The relation to h (a, t) (for the 
values t = 1, K -|- 1 which are of concern here) is the following: 

,N ur. , .. , -,^c r.y -, ^ _ h{a+,l) 



Lemma 5. For a G Nq , h (a, k + 1) = h k + 1) (a) and h {a, 1) 



£- (a) 



Proof. We use induction on adjacent transpositions. The statements are true for 
a — a+. Fix a+ and suppose ai > ai+i for some i. Let a = {i,i+ 1). Con- 
sider the ratio — — The only node whose hook-length changes (in the sense 
h (a, t) 

of interchanging rows i and i + 1 of the Ferrers diagram) is (i^ai^i + 1). Explic- 
itly h{aa,t;s,j) = h{a,t\s,j) for s ^ i,i -\- \ and 1 < j < as, h{aa,t\i,j) = 
h (a, t]i -\- 1, j) for 1 < < a^+i and h [aa, t;i -\- 1, j) = h (a, t\ i, j) for 1 < j < a; 

.f. , 1 h{(ja,t) h{aa,t]i + l,a,^i + l) 

except lor j = ai+i + 1. ihus — — — = — — — . Note that 

h[a,t) n. (a, t; i, Qfi+i -I- 1) 

L {aa; i -\- 1, ai+i + 1) — L (a; i, ai+i -I- 1) -I- 1 (the node (z, cti+i) is adjoined to the 

leg). Let 

El — {s : s < i, as > ai} U {s : s > i, as > ai} , 

E2 ^ {s : s < i + I, as > a^+i} U {s : s > z + 1, > a^+i} , 

thus by definition r{a,i) = #i?i and r{a,i + l) = #i?2. Now Ei C i?2 thus 
r (a, i -f 1) - r (a, i) = # (£^2\£^i) and £^2\£^i = {s : s < i, ai > > a^+i} U {i} U 
{s : s > i -\- 1, ai > as > ai+i}. This shows that # {E2\Ei) = l-\-L (a; i, Ofi+i -I- 1) , 
and 

h (a, t; i, a^+i + 1) = k (r (a, i + 1) — r (a, i) — 1) + i + a; — a^+i — 1, 
/i ((TO!, t; i -f 1, q;,:+i + 1) = k (?' (a, i + 1) — r (a, i)) -f t -|- 0;^ — a^+i — 1. 
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Thus 

h {aa, K + l;i + 1, Ofi+i + 1) k (r (a, i + 1) — r {a, i) + 1) + ai — a^+i 



/i (a, K + 1; i, tti+i + 1) K (r (a, i + 1) — r (a. i)) + — a^+i 

= 1 



K (r (a, z + 1) — r (a, i)) + — a^+i 
= £+ {na) /£+ {a) ; 

the latter equation is proven in Theorem 8. 5. 8, from S", p. 302], and 
h (era, 1; i + 1, a^+i + 1) _ k (r (a, i + 1) — r (a, z)) + 0— a^+i 
ft, (a, 1; I, tti+i + 1) K (r (a, ? + 1) — r (a, i) — 1) + — 

= (1- 



K (r (a, i + 1) - r (a, i)) + — 
= (a) /£_ (era) . 

Thus ft (a, K + 1) and ft (a^, k + 1) f+ (a) have the same transformation properties 

hiot^ .1) 

under adjacent transpositions and hence are equal. Similarly ft (a, 1) = ^ (a) '— ' 

Knop and Sahi |S1 Theorem 5.1] showed that ft (a, k + 1) (k) has all coef- 
ficients in No [k] for each a € N^. When k takes on a negative rational num- 
ber Kg it may happen that two different compositions have the same eigenvalues 
{^i (a; Ko))i^i so one can not claim the existence of a basis of simultaneous eigen- 
vectors of {Ui (kq) : 1 < « < -/V}. We recall the following from 

Definition 12. Let a,PeN^ and let m, n S N with gcd (m, n) = 1 iften say (a, (3) 
is a {^—^^- critical pair (for a) if a O (3 and {nn + m) divides {r (/3, i) — r {a, i)) k + 
a, - A ""(in Q [k]) forl<i<N. 

The definition imphes ^ (a; - f ) = - f ) for 1 < i < iV. We can deduce 

the existence of simple poles at k = — ^ in a certain coefficient. 

Lemma 6. Suppose a, /3 ^ , h (a, k -I- 1) has a simple zero at kq ^ Q and {a, 0) 
is the unique KQ-critical pair for a, then coef (C^ (k) , /?) has a simple pole at kq. 

Proof. Since coef (C^ (k) , /3) is independent of the number of variables N provided 
N > max {£ (a) , £ (/?)) we may assume N ^ £ (a) + \a |. Let 7 = (0''("),ll"l) e 
then by IHj coef (k) ,7) = (|a|)!Kl"l/ft(a,K + 1). Let / = lim (k - kq) ^ 

H, — >K0 

which exists as a polynomial over Q by hypothesis and is not zero because 
lim (k — Ko) coef (^^ (k) , 7) ^ 0. The polynomial / is a simultaneous eigen- 

K — ^Kq 

vector for {Ui (kq) : 1 < « < N} because Ui (kq) f = lim (k — Ko)Ui (k) Cq (k) = 

(a;Ko)/. Let 7 be a [>-maximal element of {5 e : coef (/, (5) 7^ O}. By >- 
triangularity ^i {a; kq) = S,i {S; kq) for each thus (5 = a or (5 = /? by definition of 
critical pairs. It is impossible for S = a since coef (/, a) = lim (k — kq) = hence 

,5 = /3. So coef (/, P) lim (k - kq) coef (C^ (k) , /?) ^ 0. □ 

n — >Ko 

In the next sections the Lemma will be combined with Theorem |21 

Example 1. The conceptual proof of the Lemma may be the only reasonably ef- 
fective method. For example in the next section we need the conclusion of Lemma 
0/or coef ^Cfs e) ' (2' ^' ^' ^)) ' which arises for N — 5, t — (3, 2) , kq = — |. 
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There is a combinatorial formula for the coefficients of Ca due to Knop and 
Sahi |H], which requires a sum over 3! x 1721 configurations for this example (the 
factorial comes from permuting the indices (3,4, 5)J. By direct (computer algebra) 
calculations this coefficient equals 

30k3(1 + k)2(62k3 + 135^2 + 78k + 40) 



(2k + 3)(2k + 5)(k + 2)2(k + 3)2(k + 4)(k + 5) ' 
The expression suggests that there is no practical closed form. 

We address the problem of the relationship of a simultaneous eigenvector of 
{Ui {kq) : 1 < « < N} to the nonsymmetric Jack polynomials; namely, how can such 
a polynomial be expressed as a limit as k ^ kq? For a given a G Nq and kq = ~~ 
let C (a, kq) = {/? : (a, /?) is a Ko-critical pair}. In the proof we again use the field 
K = Q {k,v) and the operator otherwise to each 7 G _E one has to 

associate some i for which (a; kq) ^ (7; kq). The expressions we consider are 
all rational in k (now with values in Q (v)) so having no pole at kq is equivalent to 
being analytic in a neighborhood of kq. 

Theorem 4. Suppose for some a e Nq and — that there exists a si- 

multaneous eigenvector ga = x"' + X]/3<ia -^P^^ {^i i'^o) ■ 1 ^ * -^}; with the 
coefficients Ajs G Q, then there are coefficients (k) G K defined for /3 G C (a, kq) 
such that the polynomial qa (k) — C,^ (k) + ^ |i3/3 (k) C| (k) : (3 G C (a, ko)| 
poZe at Kq and lim (n) — ga- 

K — *Kq 

Proof. By the triangularity property Ui (kq) (Jq = (o^! '^o) ffa- For generic k there 
are coefficients B'^ (k) defined for all 7 <] a so that ga = Cq {'^)+J2-y<ia ^7 ('^) C7 ('^) 
(because the nonsymmetric Jack polynomials form a basis and the change-of-basis 
matrix is unimodular and triangular). Let E = {-y : "f <i a,^ ^ C (a, kq)}. Apply 
the operator 

-^^^"^EL^'te(«;'^)-6(7;«)) 

to both sides of the equation for ga, thus annihilating all CiJ; (k) with j E E. The 
right hand side becomes 

V(«:)ff. = C(.)+ V i?M-)fn ^r"'^^'^^'"^"^'^'^'"^^ '|cg(^) 

,ec1^,«o) ' V^^^^^Ef=i-^(6(a;-)-6(7;-)); ' 

/3eC(Q,Ko) 

with the last equation implicitly defining the coefficients Bp (K).We use the opera- 
tors Bi from Definition IHl To evaluate V (k) ga directly we consider 

{U^ (k) - Ci (7; 1^)) 9a - (Ci (a; k) ~ Ci (7; 1^)) 9a 

= {Ui (kq) + (k - Ko) - 6 (a; k)) 5q 

= (Ci '^o) - 6 (a; k) + (k - Kq) ;Bi) ga 

= (k - Kq) (r (a, i) - N + Bi) ga- 
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Thus for each 7 e we have 
— jv 9'^ ~ -9" + I'* ~ '^oj — Jf 9a- 

Ei=i («; '«) - (7; Ej=i («; «) ~ (7; 

The latter term has no pole at kq, since (a, 7) is not a KQ-critical pair. Apply 
this computation repeatedly to obtain V(k) 9a = 9a + — ko)p{k), where p is 
polynomial in x, rational in n and has no pole at kq. Hence set qa (n) — V (k) ga, 
then lim qa (n) — ga, and this completes the proof. □ 

If we apply this result to the hypothetical singular polynomial described in The- 
orem|21 that is gx = x'^ + E/3<ia ^0^^ , obtain 

V i^) 9x = Ca («) + E i^P Qi^)--f3eC (A, Ko)} , 

which has no pole at kq. More importantly, since "Di (k) is polynomial in k, the 
relation lim Vi (k) V (k) g\ — Vi (kq) gx = Q holds. This is a key ingredient in the 

proof that T2 < n, because we can now apply the known formulae for T^i (k) (k). 

The basic step is the formula for I?£(q) (k) (k) for a € Nq . The computation 
involves a cyclic shift. For 1 < i < N let e (i) ^ Nq denote the standard basis 
element, that is, e — Sij. 

Definition 13. For 1 < k < N let Ok = (1, 2) (2, 3) . . . (fc - 1, /c) G Sn, (thus, 
9ka = {ak,cti, . . . ,ak-i,ak+i, - ■ -) for a € Nq ). If a € Nq satisfies £ (a) — k for 
I < k < N set a = 9k {a - s (fc)) = (afe - 1, ai, . . . , a^^i, 0, . . .). 

In 12 the formula for Vk (k) is stated for the p-basis {Ca (k)}. To use the result 
here it suffices to invoke the transformation formula (k) = ''^^^ ^ C^ (k) for 
a € Nq . The ratio does not have to be computed explicitly since only the values 
of for t — 1, K + 1 are needed. 

h{a,t) ' 

Lemma 7. Let a G Nq and suppose I (a) = k then ^ = (k — r(a,k))K + t + 

h (a, t) 

ctk - 1- 

Proof. Heuristically the Ferrers diagram for a is produced from that of a by 
deleting the node at (fc, 1) and moving the remainder of row k to the top (row 
zero); then every node still has the same hook- length and the required ratio is 
h{a,t]k,\). Explicitly, h{a,t;i, j) = h{a,t]i — tor 2 < i < k,l < j < a^-i 
and h{a,t;l, j — 1) — h (a, t; k, j) for 2 < j < at because 

L {a; k,j)^i^l:l<k,j<ai + l< Uk 

= #0: l<Z,j-l <aj_i <afc-l} = L(5;l,j-l). 

Also 

L (a; fc, 1) = # {/ : ? < fc, 1 < a; + 1 < ak} ^ # {I : I < k,0 < ai < ak} 
= k — =ff {I : I < k, ai > ak} = k — r (a, k) , 
thus h (a, t;l,k) ~ K{k ~ r (a, k)) + t + ak — t- O 
Proposition 2. Let a G Nq and suppose £ (a) — k then 

(«) Ca («) = (}t7^"fl^^^T {{N + l-r (a, k)) K + ak) Q-^l {n) . 
[k + I — r [a, k)) k + ak 
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Proof. In (2j Theorem 3.5] it was shown that 

Vk (k) Ca (k) = {{N + l-r (a, k)) k + ak) fl^'Ca («) • 

To modify this equation to hold for the x-monic polynomials multiply the right 

h{a,l)h(a,K + l) {k - r {a, k)) k + at _ 
hand side by — = ; — — . U 

n [a, 1) n [a, K + 1) [k + I — r [a, kj) k + ak 

The last topic for the section is the action of Vi (k) with respect to the order 
t>. In the lemma the operator is modified to be degree-preserving to simplify the 
statement. 

Lemma 8. Suppose a £ and 1 < i < N, if coei (^XiVi {k) , a) ^ then 
(3 — a or f3^ >- a"*" or (3 — {i, j) a with ai > aj,! < j < N . 

Proof. By direct computation for /3 S Nq we have 

x,v,iK)x^'^(},xf' + nj2 E (f^j^^-'^E E 

0j</3i 1=0 V^*/ ft>ft 1=1 

The term appears in the sum if (i) a = /3, (ii) (with coefRcient k) for some j, 
/3i > j3j and ai — /3i — l,aj — /3j+l with < I < /3i — /3j — 1, (iii) (with coefficient —k) 
for some j, (3i < f3j and ai — (3i + l,aj — Pj—l with 1 <l < Pj—(3i (for (ii) and (iii) 
ctk = for fc 7^ i, j). In case (ii) a = /? for Z = and /?+ >- for 1 < Z < (3i — f3j — 1 
by |S1 Lemma 8.2.3]. In case (iii) a = {i,j) /3 for Z = Pj — Pi = ai — > and 
/3+ a+ for 1 < Z < /?, - - 1 as before. □ 

The Lemma will be used in analyzing the effect of (k) on qa (k), the poly- 
nomial defined in Theorem 0] The aim will be to show it suffices to consider 
^f(a) ('^) Cq [i^)- We point out that for any given partition t with T2 > n there may 
be several reasons why there can be no singular polynomial of isotype r, notably 
there may be no eigenfunction of {Ui (kq) : 1 < i < N} with the respective eigenval- 
ues {^i (A; Ko) : 1 < * < -^}, where A is as specified in Theorem|51 Our proof singles 
out one aspect, a certain nonvanishing coefficient of T^e{\) (^o) <7a which applies to 
all cases. 



4. The two-part case 

In this section we consider the simplest case where r = {ti,T2), kq = — with 
gcd (m, n) = 1 and T2 = n. By Corollary ri = dn — 1 for some d > 2 (since 
Ti > T2). We will show that there is no singular polynomial for kq of isotype t. 
By Theorem |21 if there exist singular polynomials for kq of isotype r then there 
exists gx = x^ + J2p<ix^l3x'^ "^ith ^ = {{md)'^) ,Vi (kq) gx = and Ui (kq) g\ = 
^i (A; Kq) g\ for 1 < i < A^. In fact, g\ — lim ('*)■ This follows from Theorem^ 

K — >/io 

because there is no KQ-critical pair (A, /3) with £ {(3) < N. (The background for this 
is detailed in briefly coef (Cq:/?) is independent of the number M of variables 
provided max {i (a) , ^ (/3)) < M (see equation also if ^ (a) < N < £ {a) + \a\ 
then not every factor of h{a,K + l) need appear as a pole of Cq.) We start by 
computing h{X, k + 1) and showing there is a unique /3 so that (A, /3) is a Kp-critical 
pair for A and £{l3) = N + 1. 

For the rectangular diagram A = {{rad)^) it is clear that L (A; i,i) = n — i for 1 < 
i < n, 1 < j < md so that /i (A, k + 1) = JliLi HJlfi (("- — i + 1) k -I- md + 1 — j) = 
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nr=i 0^=1 + j)- Since gcd (m, n) = 1 the multiplicity of {uk + m) in h{X, k + 1) 
is one, occurring as h{X,K + 1; 1, md — m + 1) . The algorithm of |3| yields f3 = 
(O", m""*) for a Ko-critical pair (A, Note £ (p) = n + nd = T2 + (n + 1) = N + 1. 
Also recall the easily proved rule: for any critical pair {a, 7) it always holds that if 
i > £ (a) and 7; — then 7^ = for all j > i; since r {a, i) = i = r {-j, i). 

Proposition 3. For A = {{md)") , kq = with gcd (771, 77) = 1 /e< /3 = (O", 771"'') 
then (A,/3) is the unique kq- critical pair for A. 

Proof. Suppose 7 G Nq^ for some M > A^, and 7 satisfies the conditions A > 7 
and Ri : (r (7, i) — i)m = (A^ — 7^) ri for 1 < i < M (as usual, define A^ = for 
any i > £ (A), the equation is a restatement of {r (7, i) — i) kq + (Ai — 7^) = 0). We 
must show 7 = A or 7 = /3. Since gcd (771, n) ~ 1 there exists 77 G Nq^ so that 
7 = 77777 (componentwise; note r{'j,i) = r{ri,i) for each i). By condition Rn+i we 
have (r (77, 77 + 1) — 71 — 1) — —nrjn+i so that ?7„+i = 1 — ^ (r (7/, 7^ + 1) — 1) < 1 
and thus 77„+i = 1 or ?7„+i = 0. 

If 7y„_|_i = 1 then r (77, 77 + 1) ~ 1, which implies 77^ = for 1 < 7 < 77 and 77^ < 1 
for 7 > 77 + 1. Since I77I — — :^ |A| = nd we see that rj^ = (l"'') and in fact 

rji = 1 for 77 + 1 < 7 < 77 (c? + 1), since 77^ = and 77J+1 = 1 is impossible for j > 77. 
Thus r (1, 77) = r7ci + 1 and condition Ri becomes {nd + 1 — 1) 777 = (777^ — 0) 77. So 
7 = /?; the other conditions Ri are verified similarly. 

If 77,1+1 — then r (77, 77 + 1) =77 + 1 and £ (77) = £ (7) = 77. But the conditions 
Aj = Ai for 1 < 7 < 77 = £ (A) , A > 7 and £ (7) = £ (A) together imply 7 = A. □ 



Corollary 4. The polynomial (f^ {k) in N ~ nd -\- n — 1 variables has no pole at 
Kq. The (hypothetical) singular polynomial gx = lim (k). 

n — *kq 

Proof. By Theorem^lgA = lim Ca since there is no 7 G Nq so that (A, 7) is 

KQ-critical. By 2 , Theorem 4.8] C\ ('*) in nd + 77 — 1 variables has no pole at kq 
(since iV = 77d + 77 - 1 < £(/?)). □ 



This implies I?„ (kq) gx ~ lim P„ (k) (k). In the notation of Section 3 (noting 

n — >kq 

N + 1 - r{X,n) ^ {nd + n - I) + 1 - n ^ nd) 

T^n («) Ca" («) = (nT* + 777) e-\l {n) , 

K + md ^ 

where A — {rnd— l,{md)" We will show that the coefficient of x'^ in the 

equation does not converge to zero as k kq, where j = 9n {m — 1, 0"~^, 777'"^^^) = 
(O"^^, 777 — 1, 777"''"^) and £ (7) = N. The following is similar to Proposition O 

Proposition 4. For A = {md — 1, (rr7(i)"~^^ , kq = — ^ with gcd (777, 77) = 1 let 
(3 = {m — 1, 0"^"'^, 777"''^"'^) then {x, f3^ is the unique KQ-critical pair for X. 

Proof. Suppose 7 G Ng^ for some M > N, and 7 satisfies the conditions A t> 7 
and Ri : {r (7, 7) — r ^A, 7^^ 777 = ^A^ — 7^^ 77 for 1 < 7 < M. The conditions Ri 
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specialize to: 



(r (7, 1) — n) m 
{r (7, i) — i + \)ni 
{r (7, i) — i + l)m 



[md — 1 — 7i) n, for i — 1, 
[nid — 7i) n, for 2 < i < n, 
— 7in, for i > n. 



Thus 71 = m — Imodm and 7^ = Omodm for i > 2. Consider the condi- 
tion Rn+i '■ (r (77, 71 + 1) — n — 1) TO = — n7„+i, equivalent to ^n+i/fn = 1 ^ 
(r (7, 72 + 1) — 1) /n < 1. Thus 7„+i — m or 7„+i = 0. If 7n+i = w then 
r(7,n+l) = 1, implying that ji < m for 1 < i < 77. The congruence condi- 
tions imply 71 = TO — 1 and 7; — for 2 < i < n. Arguing similarly to Proposition 
13 we see that 7^ = 771 or 7^ = for i > 77,-1-1; the condition I7I = nmd — 1 shows 
that 7 = (777 — 1, 0"^"'^, to"''^^) . To verify i?i note r(7, 1) — nd so {nd~n)m — 
{{md — 1) — (777 — 1)) 77 = 77777 {d — 1) is satisfied. For 2 < i < n we have r (7, i) — 
nd + i — 1 and 7^ = so the condition Ri, namely, {nd + 7 — 1 — 7 + 1)777 = toc^ti is 
satisfied. 



If 7ri+i = then £ (7) — 77; for this particular A the conditions I A] >z 7^ and 



By Lemma|7|/7 1 A, k + 1 ) ~ h {X, k + 1) / {k + md) so (77K + to) has multiplicity 



where /3 is defined in the Proposition. 

For w 6 Sn and a G Nq since w (x") = cc™" the transformation property 
coef {p, a) — coef {wp, wa) holds for any polynomial p. 

Theorem 5. Suppose kq ~ — ^ with gcd (to, 77,) — 1 and r = {dn — l,n) with 
d > 2,n > 2 so that N ^ {d + 1) n — I, then there are no singular polynomials for 
Kq of isotype t. 



Proof. By Corollary^ if there is a singular polynomial of isotype r for the singular 
value Kq then gx = lim (k) is singular, where A = {{md)"'). By Proposition [21 

K — 'Kq 

2?„(k)Ca(«) = ■;^f^^("'« + ™)^r7^Cf (k). Let /3 = (to- 1,0"-\to"''-i) so that 
^A, is the unique KQ-critical pair for A. It is crucial that £ {(3) — n + nd~ 1 = N. 

By Lemma El coef ('*) t l^j = Jij'^l^ where / (k) G Q (k), / (k) has no pole at 
Kq = and / (kq) ^ 0. Note Q-^P = (0"-i,to- 1,to"'^-i). Thus 





□ 



one in h 




Next we will show coef (C]; {k) ,(3) has a simple pole at kq, 




and 



coef (P„ (kq) 5a, ^/3) = lim 




and so gx is not singular for kq, a contradiction. 



□ 



This argument will serve as the key ingredient for the general case r. 
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5. The general case 

In this section we consider the singular value kq — with gcd (m, n) = 1 and 
2 < n < N for the isotype r, where r has two or more parts and T2 > n. Let 
I = £ {t) > 2. We assume there exists a singular polynomial for kq of isotype r 
and will eventually arrive at a contradiction. By Corollary ^ there are integers 
di,c?2, • ■ • ,di-i so that t; = din — 1 for I < i < I. Because t is a partition it 
follows that c?i > c?2 > • . • > di-i. By hypothesis n > T2 > rt so that di > 2, and 
d2 > 2 a I > 3. By Theorem 12 there is a corresponding partition A and a singular 
polynomial gx =^ + Y.i3<x ^P^^ with Ui (kq) g\ = (,i (A; kq) ffA for 1 < i < A^. 
The computations are expressed in terms of (with 1 — 

l — i l — i 

j=i j=i 

j=/+l--i 

A ((mil)"' , imhY'-' , . . . , (mt,_i)"' , , 

7 := (("lii)" , {mt2r-' (mt,_i)"^-" , 0"-\ m - 1, m^^) , 

a := ((mil)"' , (™i2)"'-' , . . . , (mt,_i)"^-" , 0"-\m, m"^) . 

Also let po = 0,p/ = Af. Note that ^ = N - ti, <;_i = di > 2 and 

I7I + 1 = |a| = |A| because (ti + l)m = ndim = nmti-i. By Theorem 0] there 

exists a polynomial q\ (k) = + J2 |^/3 C/j ('«) ^ /3 G C* (A, ko)| which has 

no pole at kq and lim q\ (k) = g\\ the coefficients Bp (k) G Q (k, w) and C (A, kq) 

is the set of (3 such that (A, /3) is a Kp-critical pair. 

We will show lim T>£t\) (k) q\ (k) 7^ by showing lim coef (T>£t\) (k) qx {k) , 7) ^ 

0. The proof has two parts: firstly we show that coef (P^^^jj (k) (k) , 7) — 
coef (X'^(>) (k) Ca : 7) s-nd secondly we use the Insertion Theorem O and the 
result from the previous section. 

Lemma 9. Suppose S £ Nq , A > ^ and coef (2?^(a) (/«) 2;'', 7) 7^ then 6 ^ a. 

Proof. By construction coef (k) x'', 7) — coef (2:^(a)Z^£(a) (^) 2:'', a) . By Lemma 

|S1 (5 = a or (5+ ;^ or 6 ~ (^ (A) ,j)a with a^(A) > ctj; but in the latter case 
j <£ (A) (in fact £{X) - n < j < £ (A) and = 0) so that S y a. Thus S \> a. □ 

To complete the first part of the argument we need only show that there is no 
Ko-critical pair (A, (3) with (3 t> a. 

Theorem 6. Suppose (3 S Nq^ (with some AI>N),X>(3>a and (3 satisfies the 
rank equation (r (/3, i) — i)m = (Ai — Pi) n for i > 1 then [3 = X. 

Proof. The rank equation and definition of a imply m|/3i and m\ai for each i ; 
since the definition of l> implies that > if and only if m^i [> nw for arbitrary 
compositions pL,v (where (mfj.)^ :— m^i) we will assume that m = 1 in the rest 
of the proof. Since (3 is trapped between A = (ip , tj"^ . . . , tj^i, 0"^) and a = 
(t[' , tl'-\ . . . , tjl7", 0"-\ l"i+i) we deduce that /3+ agrees with A in the first N - 
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Ti — n entries, that is, (/3^)j = Xi = a.i for l<i<N — ti— n = pi-i — n. None 
of the entries of (3 equal to some tj can ''move to the left" (lower index). For j,k 
with l<j<A;<^ — 1 suppose that the first appearance (least index) of tk in /3 is 
at an index i with Aj = tj, that is, Pj-i + 1 < i < p j , then r (/?, i) = pk-i + 1 and 
the rank equation implies 

i = r{p,i)- n{Xi - pi) = pk-i + l-n{tj- tk) 

i-j i-j 
= Pk-i + l-n ^ ds=pk-i + l- ^ (r^ + l). 

s=l-k+l s=l-k+l 

Furthermore 

l-j 

0<i - {pj-i + 1) = Pk-i - Pj-i - X] 

s=l-k+l 

l+l-j l-j 

= E ~ E Ts-{k-j) = n+i-j - n-k+i -{k- j) 

s=l+2-k s=l-k+l 

<j-k<0. 

The inequality T;+i_j — Ti-k+i < holds because r is a partition and I — k + 1 < 
l—j + lhy hypothesis. The chain of inequalities shows that j = k and i = Pk-i + 1 
(the possibility i > Pk-i + 1 has not yet been ruled out). 

The key to the argument is the value of /3^(a)+i (recall £ (A) = Pi-i). The case 
0P1-1+1 = tj is impossible for 1 < j < Z — 1; indeed suppose = tj then 

r {I3,pi-i + 1) > Pj-i + 1 and the rank equation is + 1 = r {(3,pi-i + 1) + ntj 
(note Ap,_j+i = 0) thus 

< {pi-i + 1 - ntj) - (pj_i + 1) 

= n+i-j - Ti - {I - j) < j - 1 < 0. 

which is a contradiction (the calculation is similar to the previous one, replacing k 
by I and tk by ti = 0). The condition (3~^ ^ X now implies that /3p,_i+i < ti^i and 
# {j Pj > Ppi-i+i} > i{X)-n =pi-i-n, hence r(/3,p/_i + 1) > pi-i-n+1. The 
rank equation is — n/3p,_j+i = r (/3,p;_i + 1) — {pi-i + 1) > — and so /3p,_^+i < 1. 

Suppose /3p,_j^+i = then r (/3,pi_i + 1) = (p;_i + 1) which implies /3j = for 
i > pi-i + 1 and /3i > for i < pi-i. Since /J"*" differs from A in at most the 
last n entries and A, = U-i for ^ (A) — n < i < £ (A) it follows that /3+ = A (note 
if (if-i) — ^ where ,u is a partition and £{ix) = n then /i = (t"_j)). Since the 
entries of j3 can not move to the left, /? = A; in detail, argue inductively that the 
only possible value for (3i when I < i < pi \s ti, then the only possible value when 
pi + 1 < i < P2 is t2, and so on. (If ? = 2 then this argument is not needed.) 

Suppose f3pi_-^+i = 1. In this part replace the bound /3 > a by /3 > a' := 
(ti' , tj"^ . . . , tj^l^, 0", 1'^!+^) , a weaker restriction since a t> a' (note that (A, a') 
is a (—i) -critical pair). We will show that (3 = a', which contradicts the assumption 
£ (/3) = N. Recall tj 2 for 1 < j < Z - 1, by the hypothesis n > T2 > n. 

The rank equation yields r (/3,p(_i + 1) = {pi-i + 1) — 'T'/3p;_i+i = pi-i + l — n. For 
i < pi-i + 1 this implies /3j = tj for some j or /3j < 1, that is, (3i = 0; for i > + 1 
the rank implies Pi = tj for some j or Pi < 1. This forces the values of P other than 
{tl',tl'-\. . . ,i[!.7") to be or 1, that is, {P+)^ < 1 for i > pi-i-n. The condition 
|A| = \P\ shows that # {j : /3j = 1} = nti-i = ri + 1. Since /Jj = 1 is ruled out for 
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i < pi-i it follows that Pi — 1 forp;-i + l < i < pi-i+Ti + 1 = iV+1; indeed suppose 
the j"* occurrence of 1 in /? is at index i, that is, r {/3, i) = pi-i + j — n, f3i = 1 and 
i > pi-i then the rank equation implies r (/?, = {pi-i + j — n)—i = —nj3i = —n 
thus i = pi-i+j, for 1 < j < Ti + 1. The n remaining values of f3i (for 1 < i < iV+l) 
are zero, and so — {a')^ . The condition /? > a' implies fi > a' (by definition) 
which shows (3i = a[ for 1 < i < pi-i — n (if Pj-i + 1 < i < Pj and j < I — 1 
then Pi = tj and if pi-2 + 1 < * < Pi-i — n then Pi = Thus /3i — for 

— n < i < and /3 = a'. The proof is finished since £ {a') = N + 1. □ 

Corollary 5. coef (P<>(a) (k) qx (n) , 7) ^ coef (P^(a) (k) (k) , 7) . 

Proof. Suppose /3 G C (A, hq). If coef (^^'^(a) ('*) ('*) ; 7^ 7^ then by Lemma 
there exists S G Nq such that /3 > (5 > a, which contradicts the Theorem. Hence 
coef (Vei^x) («) Cp («) , 7) = for each /5 G C (A, kq). □ 

Example 2. /n i/ie context of the Theorem there may well be compositions P other 
than a' for which (A,/3) is a KQ-critical pair. Suppose N — 10, r = (3,3,3,1) 
and kq = — ^, then A = (6, 4"^, 2'^) and a' = (6, 4'^, 2, 0, 0, 1*); the multiplicity of 
(2k + 1) in h{X,K + 1) is 3. Among other compositions P with (A,/3) being (— ^)- 
critical are (6, 1"^, 2'^, 3'^) and (6, 0'^, 2, 4^, 1^, 4); the latter is a permutation of a' . 
For another example take N — 14, t = (8,6) and Kq = then A = (3^) and 
a' = (33,0^,1^); the multiplicity of {3k + 1) in h{X,K + l) is 2 and both (1^,2*') 
and (1^, 0'^, 2®, 1'^) form [—■^)- critical pairs with A. The algorithm 0/ was used 
to produce the P 's. 

Let fc = £ (A) = iV - Ti and from Definition IBl let Ok = (1, 2) . . . (fc - 1, k) G Sn, 
a cyclic shift and let 

A = {mti^i - 1, (mil)"' , {mt2r-' {mti^^Y^-^ , 0"^) , 

a=(m- 1, (mil)"' , {mt^r-' , . . . , (mt/^i)"^-" , 0"-\ m^^) , 

so that a = 6*^,7. By Proposition |21 

2?£(A) («^) Ca" (a^) = ""^''Z ((iV + 1 - fc) K + mt,_i) («) 

and (A^ + 1 — /s) + niti-i — (ri + 1) k + mdi = (n/t + m) di (recall ti + 1 = ndi). 
Thus 

coef (P,(A) {n) Cx ('^) , 7) = ("^^ + m) coef [e^^l (k) , 7) 



mdf 



- {nn + m) coef (^(f (i^) , (^kl 



K + mdi 

We finish the argument by using the Insertion Theorem |31 Let 



M = ((mil)"' , {mt2r-' {mti^^r-") 
V = {mti^x - 1, {mti^xT^^ , j , 



cr = (m- 1,0""\to^i' 
then A = i (1, /i) and 5 = t (1, //) cr. 
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Lemma 10. lim coef (2^£(a) ('t) Ca ('*) '7) ^■ 

Proof. Let p — mti-i = mdi, and M ~ n + ti then v^a ^ ^i^P ■ By The- 
orem El coef (cf {k) , a) = coef {(^ (k) , cr) and by Proposition ^ and Lemma El 
coef (Cj^ (k) , (j) has a simple pole at k = Kg (this is the same argument used in the 
previous section). Thus there exists / (k) £ Q (k) so that coef {Q {k) , a) — J,}!^]^ 
and / (kq) ^ 0. To conclude, 

coef (2?£(A) (k) Ca («) , 7) = , \ + Jti) coef Cf ('«) , 5 



which has a nonzero limit at kq. □ 

Theorem 7. Suppose kq = — ^ wit/i gcd (to, ?i) = 1 and t is a partition of N such 
that n\ (ji + 1) for 1 < i < £(r). If T2 > n then there are no singular polynomials 
for kq of isotype t. 

Proof. For T2 > rt if there is a singular polynomial of isotype r for the singular 
value then lim 'Dnx) {h) q\ ('«) — for the polynomial q\ {n) described above. But 

lim coef (k) ^a (k) , 7) = lim coef {T^i{\) (k) Ca ('*) j 7) 7^ 0, and so these 

singular polynomials do not exist. The case T2 — n^£{T) = 2 was done in the 
previous section. □ 

6. Concluding remarks 

Together with the results of i2i Theorem 2.7] we have a complete description 
of singular polynomials for the group Sn- For each pair {mo, no) G with 2 < 
no < N and ^ ^ N, let d = gcd (toq, no) ,m ^ '-^,n = then there is a unique 
irreducible iSAr-module of singular polynomials for the singular value kq = — of 
isotype r, where 

(6.1) I = + 

n — 1 



(no - 1, (n - i f ^ ,T,^ 



The number I — 1{t) is the solution of the inequality 1 < n = {N — no + 1) — 
(Z — 2) (71 — 1) < n — 1 ([r] denotes the smallest integer > r). Then the index for 
the corresponding singular polynomial is given by: 
(6.2) 

(m5^0"''-l), 1^2 



A 



((mo + {l-2) to)"' , (mo + (^ - 3) m)"-^ , . . . , to^S 0"o-i) 



I > 3 



Note that Z = 2 is equivalent to — no + 1 < n or d < jy_"° , and T2 = iV — no + 1 . 
For I > 3 the computation for A uses the notation of the previous section with 
ti = d + l — l~i, mti = mo + {I — 1 — i) m for 1 < i < I — 1. The S'Ar-module of 
singular polynomials is span^ {wCa ('^0) ■ w € Sn} and the basis corresponding to 
Murphy's construction is exactly the set of Cq (^^o) such that a is a reverse lattice 
permutation of A. There are no other singular polynomials. 
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The relation of modules of singular polynomials to monodromy representations 
of the Hecke algebra was discussed in |2 Sect. 6]. The parameter is g = e^^'^"'; the 
existence of singular polynomials of isotype t shows that the monodromy repre- 
sentation corresponding to r contains the trivial representation. There is a general 
result on the connection between monodromy (called the KZ-functor) and the dual 
Specht modules in Sect. 6.2]. 

Recall the definition of the rational Cherednik algebra (see pi Sect. 3] and 6 ). 
We consider the image A (k) under the faithful representation on V; indeed A (k) is 
the Q (K)-algebra generated hy {Vi (n) : 1 < i < N}U{xi : I < i < N}USn (where 
Xi denotes the multiplication map p (x) i~> Xip (x) and w £ Sn acts by p (x) i— > 
p (xw) for p Cz V). In the sequel, when k is specialized to a rational Ko,we use V to 
denote the polynomials with rational coefficients (that is, span^ {x" : a G N^}). 
Here are some basic results about A (K)-submodules of P. 

Proposition 5. Suppose M is a nontrivial proper A (kq) -submodule ofP for some 
kq G Q, then M is the direct sum of its homogeneous components Mn '■— M n Vn 
for n S No, the nonzero component Mng of least degree (Mj = {0} for j < uq) is 
an Sn -module of singular polynomials and kq is a singular value. 

Proof The identity X^^i a^^A (k) = Y.f=i ^i-^- + «^Ei<j<j<Ar (1 ~ implies 
that the Euler operator X^^i a;*^ G A (k). Hence M = J^'^^o (^^ ^ ^«)- There 
exists no > such that M„(, {0} and Mj = {0} for < j < uq (or else 
Mo 7^ {0} , 1 e M and so M = P. Then Vi {ko)p = for any p e M„o and 
l<i<N. □ 

Say that the degree of an A (fi;o)-subniodule M is the least degree of nonzero 
homogeneous components of A/, that is, min{j : Mj ^ {0}}. There is a symmetric 
bilinear form on P defined by 

{P, q)^ ^p{'Di{k),---,Vn (k)) q (x) U=o- 

The radical was defined in |^ Sect. 4] to be 

Rad (k) -.^ {peP : (p, q)^ = for aU q E P} 

and was shown to be an A (K)-submodule. For kq G Q, Rad {kq) ^ {0} exactly 
when Kq is a singular value. 

Proposition 6. For any singular value kq the radical Rad (ko) is the largest proper 
A{KQ)-submodule of P. 

Proof. Suppose Af is a nontrivial proper A (Ko)-submodule. Suppose p G A/„ — 
M n Pn for some n > and p ^ Q. Then for any q G Pn we have {p, q)^^ = 
(9:P)ko ^ 1 (^1 (^) ' ■ ■ • ^'^N {fi))p{x) G Mq = {0}. Hence p G Rad (kq) and M C 
Rad(Ko). □ 

Our complete description of irreducible 5jv-niodules of singular polynomials leads 
to some explicit results about A (Ko)-submodules. We use the notation from equa- 
tions O and O 

Definition 14. For any pair (mo, no) G NxN with 2 < no < N and ^ <^ N let 

M (mo, no) ~ {^7=iPiCw x i^o) '■ Pi & T^} , where n^- is the degree of the represen- 
tation T and {wiX : 1 <i < nr} is the set of reverse lattice permutations of X (that 
{Cw \ ('*o) : 1 < * < n-r} is a basis for the singular polynomials corresponding to 
the pair (mo, no) J. 
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The following is from Sect. 6]: 

Proposition 7. M (mo,rto) is a proper A [KQ)-submodule, and its degree is 
m{j^{l — 2) [n — 1) {2d + / — 3) + t; (d + Z — 2)) (where d — god (mo, uq) n ^ no/d 
and m — m^/d). 

Proof. Clearly M (too, no) is closed under multiplication by V and the action of 
Sn- Suppose f = pg where p £V and g G span {C^ a ('^o) : 1 < * < n-r} (that is, g 
is singular). By the product rule, 

A (ko) / = pT^t [Ko) g + g[ j—p + Ko 2^ ((«, j) g) 

for 1 < i < TV. But 2?j (kq) g = and is a polynomial, thus (ko) / G 

M (mo,7^o)• The degree is |A| (as in eauation l().2|l . □ 

An equivalent formula for ^ is (TV - + 1) (d + ^ - 2)-i (n -!)(;- 1) (^ - 2). 
For a given pair (to, n) with gcd (to, n) = 1 (and 2 < n < iV) there are the A (ko)- 
submodules {M (Jto, dn) : 1 < d < [^J } ( [rj denotes the largest integer < r). The 
degree of M {dm, dn) decreases as d increases. This is obvious because the nonzero 
part of the index A for M ((d + 1) to, (d + 1) n) is a substring of the index A' for 
M {dm, dn); for example take N — 1Q,kq = then the values of A (from equa- 
tioninS are (4^, 3^, 2^, l"^, 0^) , (4, 3^, 22,0^) , (32,0^) for d = 1, 2, 3 respectively. 
For direct computation, let 1,t,X and V ,t' ,\' denote the expressions defined in 
equations 16. II and 16.21 for (too, no) equal to {dm,dn) and ((d + 1) to, (d + 1) n) re- 
spectively. If T; = 1 then I' = I — 2 and r/_2 = n — l;if2<T; <n— 1 then 
V ^ I - I and r/_^ = r/ - 1. For both cases |A| - |A'| = m{dn + l - 2). Thus 
for any given degree of homogeneity there is at most one irreducible S'Ar-module of 
singular polynomials of that degree (for kq — — ^). The singular polynomials of 
least degree correspond to {mq, nq) where q — ■ 

Proposition 8. Suppose gcd (to, n) = 1 and N = nq + r with < r < n — 
1 (so q = \_^\) and k denotes the degree of Rad(— ^). If r < n — 1 then 
k = mq{r + l), Rad(— Ci Vt is of isotype {nq — 1, N — nq + 1) , and equals 

spauQ {wCx (-f ) : w £ Sn}, where A ((TOg)''+\ 0"9-i) . If r = n - 1 then 
k — m {qn + 1) and Rad (—■^) nT'/c is of isotype {nq — 1, n — 1, 1) with correspond- 
ing X= (m{q + l), {mqY'^^ , 0"«-i) . 

As well as the maximum A (Ko)-submodule there is a minimum one, namely, 
M (to, n). 

Proposition 9. Suppose gcd (to, n) = 1 and 2 < n < N then M (to, n) is contained 
in each nontrivial A {—^^-suhmodule. 

Proof. Let M be a proper nontrivial A ( — ^)-submodule. Let sq be the degree of 
M . By Proposition |5l is an 5Ar-module of singular polynomials, thus so = |A| 
for some A given by Equation 16.21 Suppose A corresponds to the pair (dm, dn) 
with 1 < d < [^J , then M {dm, dn) C M. The intersection of any two nontrivial 
A (-^)-submodules Mi and M2 is a nontrivial A (-^)-submodule (if f & Mi and 
g S M2 then fg e Afi n M2). Thus M {dm, dn)r\M (m, n) is a nontrivial submodule 
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of AI {m,n) which must equal AI {m,n) because the degree of M{m,n) is the 
maximum for the degrees of M {dm, dn). Hence M (m, n) C M {dm, dn) C M . □ 

One could speculate that |M {dm, dn) : 1 < d < \J^\ } is the collection of all non- 
trivial proper A (— ^)-submodules and that they are nested, that is, M {dm, dn) C 
M {{d -f 1) m, {d + 1) n). This would be a characterization of Rad (— 
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